I. INTRODUCTION
Multicarrier (MC) transmission is a transmission technique that is developing very fast and getting the upper hand in the design of many communication systems and may be a candidate also for new GNSS signal designs. In particular, the MC-CDMA transmission scheme represents a spread spectrum technique characterised by a spreading operation in the frequency rather than time domain. For this reason, it can be viewed as a dual technique to DS-CDMA. A previous study [1] has proven that a pilot signal based on this technique can achieve a similar synchronization accuracy than a single carrier DS-CDMA ranging signal. Nevertheless, a major obstacle on the path for this technology to be taken into consideration for future GNSS signal designs is the high Peak-to-Average Power Ratio (PAPR), that is inherent to all multicarrier modulations. Achieving very low PAPR values is of paramount importance for GNSS applications, as well as for any other satellite communication, where the available transmit power is limited and the Signal-to-Noise Ratio (SNR) very low. A signal with a high PAPR is very likely to undergo nonlinear distortions. This entails spectral growth of the multicarrier signal in the form of intermodulation products, which are the cause of out-of-band radiations and interference with other systems. In order to avoid this pernicious effect, one would be forced to reduce the average radiated power, with obvious consequences on the SNR and the quality of the service. A way to overcome this deadlock consists in lowering the PAPR of the MC signal with a careful choice of the symbols to be transmitted. In a MC-CDMA pilot, the trasmitted symbols are the chips of the spreading sequence, and not information symbols, as in multicarrier transmission systems. In this latter case, the almost totality of PAPR minimization techniques consist in mapping the information symbols to other symbols that can be transmitted with a lower PAPR [2] . This mapping has to be performed in real-time within the symbol interval and is limited by the maximum number of IFFT operations possible to perform in the unit time. In MC-CDMA signal design, the choice of the optimal spreading sequences to be transmitted can be carefully made offline, with neither time nor computation constraints. The PAPR minimization problem in MC-CDMA can thus be transformed into the problem of finding a suitable family of spreading codes capable of bringing the PAPR down to values which are comparable to the PAPR values of the current GALILEO signals. The spreading sequence, on the other hand, also affects the spectrum and the autocorrelation of the MC-CDMA signal and the choice of the spreading sequence must be done also according other criteria than PAPR alone. There are several properties that are to be wished from a GNSS ranging signal; tracking accuracy (low tracking jitter) is one of them, but not always the most relevant. In some other cases the robustness of the tracking may be more important, in some others interference resilience or short acquisition times can be more preferable. Besides, interoperability and compatibility with an increasing number of GNSS systems sharing the same frequency bands is gaining a significant role in the near future. Multicarrier transmission technique enables the optimization of one or some of the aforementioned properties by simply changing the power allocation amongst the subcarriers. The here presented signal design based on Huffman codes enables to shape the power spectrum and the autocorrelation of the ranging signal, guaranteeing an arbitrary small PAPR in all cases. The alluring aspect of all this is that with such a MC-CDMA signal design a great amount of flexibility is added to GNSS signal design, 978-1-4244-8739-4/10/$26.00 ©2010 IEEE insomuch as modifying the ranging signal properties would not alter the receiver or payload design, but it would only entail a redistribution of transmitted power amongst the subcarriers.
II. SIGNAL MODEL
Amongst the possible combinations of Multicarrier modulation and CDMA [3] , we have chosen the classical MC-CDMA variant: the users share the same frequency band and are separated by spreading codes in frequency domain. We assume that the length of the code and the number of subcarriers are equal. Let our transmitted signal be:
where : : number of subcarriers. : transmitted power. We assume that the pulse g(t) has unitary energy:
with G(f) being the Fourier Transform of g(t) and B its bandwidth. The condition that B must fulfill is:
Further, it must hold:
The orthogonality amongst the M subchannel can be obtained by any appropriate choice of prototype transmit filters and frequency separation. The only requirement of this model is that the all transmitting filters have the same phase characteristic.
We define the PAPR of a non-zero signal ( ) as:
with:
As long as condition :
holds, the average power of the signal ( ) does not depend the spreading sequence. Minimising the PAPR is thus equivalent to minimising the peak value. Interpreting the results of [4] , we can write the latter as:
where Γ is a factor that depends on the pulse shape ( ).
Δ | 2 is the ∞-norm of ( ) when the pulse ( ) is chosen to be a rectangular window for all subcarriers. When all the pulses are chosen equal, the rectangular pulse is the one that brings about the lowest peak value; for all the other cases it can be proven that Γ > 1 [4] . All PAPR values discussed in this work are for Γ = 1.
It is our interest to find a spreading code family that minimises the PAPR and at the same time makes the signal ( ) suited for ranging in a GNSS scenario. Differently from DS-CDMA, MC-CDMA signals have an autocorrelation function that is strongly dependent on the spreading code, rather than on the pulse shape. With some mathematical passages, we obtain the autocorrelation of the signal ( ):
with { ⋅ } denoting the Discrete-Time Fourier Transform (DTFT), where the variable in the transformed domain is replaced by Δ ; ( ) is the autocorrelation function of the shaping pulse ( ). If the bandwidth B is such that, besides (3), also this condition holds:
then:
and it is possible to say that, practically, the pulse shape does not play any role into the autorrelation function of the ranging signal. In the following representation we assume this constant to be unitary. Condition (10) applies for a root-raised cosine pulse of arbitrary roll-off factor. Eq. (9) is a generalization of the expression to be found in [5] .
Since we have adopted a baseband equivalent signal model, the autocorrelation (9) is a complex quantity. We note also that all the PAPR values mentioned in this work are calculated for a baseband equivalent signal. A modulated signal always has a higher PAPR; while a sinusoid has a PAPR of 3 dB, for example, a complex exponential has a PAPR of 0 dB. The relationship between the PAPR of a baseband and a passband signal is neither investigated nor discussed here 1 .
III. ZADOFF-CHU CODES
If we are looking for spreading codes for MC-CDMA with very low PAPR, then polyphase Zadoff-Chu codes are the first choice [6] . In particular, if we superimpose the additional condition that the power is distributed uniformly amongst the subcarriers :
Zadoff-Chu represent certainly the best solution up to the current date. Indeed, minimising PAPR with the side condition (12) brings us to a very old mathematical problem that is still open to our knowledge [8] - [9] : how to choose the phases of a multitone signals so that its peak value is minimum. The best solution to this problem, although only empirical, is currently provided by the so called chirp-like sequences [10] - [11] : sequences whose phases vary quadratically with the code element index. Chu [12] and Zadoff [13] proposed a way to generate a whole family of codes with this property 2 . A Zadoff-Chu code [12] of length M is built as:
where r is an integer relatively prime to N.
A simple way to generate a Zadoff-Chu code family is to choose a prime number and then let vary from 1 till − 1. Each code obtained for a specific is assigned to a user. As shown in Fig. 1 for =31 , each Zadoff-Chu code has a PAPR which depends on the code index . The PAPR for =1 corresponds to the PAPR of the Newman sequences, that is always approximately 2.6 dB independently from the code length [9] . Having codes with different PAPRs can be a disadvantage if we want to assign each code to a satellite. However, in spite of having different PAPRs, MC-CDMA pilot signals based on a family of Zadoff-Chu codes have the same autocorrelation function, because of (9) and (12) . In Fig.2 we have plotted the autocorrelation of the signal (1) when c is chosen to be a Zadoff-Chu code of length N=31. If for any reason the spectrum of the ranging signal is required to be flat, Zadoff-Chu codes represent the best choice that can be made to minimise the PAPR. A limitation of the Zadoff-Chu codes is that if we want more codes with low PAPR we have to increase the number of subcarriers. A even greater limit is that condition (12) prevents us from shaping the signal spectrum as we like. One of the advantages of Zadoff-Chu codes is that they provide at the same time also a relatively low average bit-error probability [6] , [15] . While this is not important for a pilot signal, it might turn helpful for GNSS signals used for data transmission, rather than for synchronization. IV. HUFFMAN CODES Unlike a DS-CDMA system, a MC-CDMA system can employ non-constant envelope (or multilevel) spreading sequences without extending the dynamic range and the PAPR, as noted in [6] . This observation opens new horizons for the search of candidate spreading sequences for a MC-CDMA based GNSS signal. Huffman codes are multilevel sequences and were developed for for pulse compression in radar systems [16] , [17] . Their possible use as spreading sequences for MC-CDMA was first suggested by Popović in [6] and [14] . A Huffman code of length = + 1 is a finite sequence of complex numbers c = { , −1 , ..., 0 } with the following aperiodic autocorrelation function:
We indicate the code autocorrelation by , to avoid confusion with the autocorrelation of the MC-CDMA signal in (9) . Without loss of generality we can consider codes whose energy is normalised to one. The value of the autocorrelation for shifts = ± is called edge side-lobe and it is a code parameter. In our notation, represents the central-to-side lobe ratio of the code autocorrelation. Huffman codes are obtained by means of polynomial representation. Let:
be the polynomial representing the code c = { , −1 , ..., 0 }. A polynomial of degree , represents a code of length = + 1. In order for such a code to have a autocorrelation equal to the one in (14) , the roots of the corresponding polynomial must fulfill two conditions :
1) The roots { } must be equally spaces in the complex plane and the angular spacing must be 2 .
2) For each angle a root must be on (only) one of two circles, whose radii are (see also [17] ):
In some works [18] - [20] the complexity of the code generation is limited by making several simplifying assumptions. On the other hand, together with the complexity, also the cardinality of the code family is limited. We believe that by doing so, some codes of interest to us can be left out. If for example we generate only real Huffman codes, we consider only the codes with the worst possible configuration of phases: same phase for all subcarriers is the choice of phases that maximises the PAPR. Hence, we made only the following assumptions. The first one does not entail any loss of generalization:
the only limiting assumption we made is:
This assumption makes it possible to interpret the two radii in (16) as one being the reciprocal of the other and it cancels the dependency of the radii on the coefficients that are the unknown variables of our problem. The number of Huffman codes of a given length N that can be generated in this way is:
The two parameters and define a Huffman code family of Ω codes. We indicate a Huffman code family with the notation: ℋ( , ). Codes belonging to the same family have the same (code) aperiodic autocorrelation. It is possible to prove that spreading sequences with the same aperiodic code autocorrelation produce MC-CDMA signals with the same PAPR. The relationship that connects the PAPR of a signal (1) based on a Huffman code of the family ℋ( , ) and the parameter is 3 :
This implies that with the Huffman codes is possible to generate MC-CDMA codes with an arbitrary small PAPR. As the value of approaches infinity, the PAPR tends to 0 dB, which is the resulting PAPR when all the power is allocated to only one subcarrier. Thus, the trade off is as follow: the lower the PAPR, the more unbalanced the power distribution amongst the subcarriers. Such a degree of flexibility is not given by any other code. An interesting property of the Huffman codes is that within a family ℋ( , ) there are several codes that have an identical distribution of energy amongst the code elements and they only differ in the phases. In terms of MC-CDMA signals, this means that it is possible to generate several signals with the same power profile (i.e. power distribution amongst the subcarriers), that is to say, signals with the same power spectrum. Huffman codes with the same energy distribution form a subset within the overall family of Ω codes. To have a better understanding of that, we present an example. Let us consider the Huffman family ℋ( = 11, = 11). Out of the 252 codes, let us pick three codes with different energy distribution. For each code we create a MC-CDMA signal of the type (1). For each energy distribution there exist also other codes, that differ amongst them only in the phases of the code elements. In Fig.3a . the energy distribution of three sample codes. Equivalently this represents the power profile of the corresponding MC-CDMA signals. In Fig. 3b we depict the real part of the autocorrelations of the MC-CDMA signals around zero is depicted. The delay is normalised to the inverse of the MC symbol rate. By we indicate the autocorrelation of the MC-CDMA signal that uses the code , for = 1, 2, 3. The signal based on the code 1 has more power on the subcarriers at the edge of the spectrum, and as such, the corresponding autocorrelation is the steepest one of the three; the signal based on the code 2 does just the opposite and concentrates most of the power onto the subcarriers at the center of the spectrum. If the only property we want from our ranging signal is low tracking jitter, then the code 1 is the best one amongst the three. But if in some GNSS service tracking robustness is preferred over tracking robustness, then the code 2 is the best one amongst the three. As it can be seen in Fig. 4 , the signal built on the code 2 is the one with the autocorrelation function with the smallest number and levels of side-peaks. For services that require both tracking accuracy and tracking robustness, the code 3 can be the optimal choice. As long as we can formulate the desired properties in terms code elements, we can look for the code subset (same energy distribution) which comes closest to our needs, and allocate each code of the subset to a different satellite. In case this were not sufficient, because the number of code subsets is limited, it is possible to change the parameter . This will change the energy distribution of all subsets of codes and with it the power spectrum of the obtainable MC-CDMA. In such a way, we can bargain the PAPR with the desired ranging signal properties.
V. CONCLUSION
The main aim of the work was to introduce another optimization criterion beside tracking accuracy in the design of Multicarrier-based GNSS ranging signals : low PAPR. This can be minimised by a careful choice of the spreading sequence. Unlike the case of traditional DS-CDMA, the spreading sequence of a MC-CDMA signal affects also its power spectrum and its autocorrelation . A first design scheme based on Zadoff-Chu codes delivers low PAPR, but reduced flexibility. On the other hand the design based on Huffman codes seems extremely promising, because it allows to to select the spreading sequence that most suits the application, out of a set of sequences that all have the property of producing an arbitrarily small PAPR. Huffman sequences can be seen as a catalogue of possibilities we have for setting the powers and the phases of the subcarriers, in order to achieve a certain PAPR, which depends exclusively the code parameter by means of a very simple relation. In a Huffman code family there are several codes that share the same distribution of energy amongst the code elements, and as such, generate MC-CDMA signals with equal power spectrum and autocorrelation function. As a consequence of all that, once can envisage to assign to each GNSS service a subset of the Huffman family ℋ( , ) with the same energy distribution, and assign to every a satellite a code of this subset. All this procedure is extremely flexible and can be easily changed over time, since it depends only on the power and the phases of the individual subcarriers. Fig. 3a 
